In this paper, we consider the three-dimensional orthogonal bin packing problem, which is a generalization of the well-known bin packing problem. We present new lower bounds for the problem and demonstrate that they improve the best previous results.
Introduction
The bin packing problem (abbreviated as 1D-BP) is one of the classic NP-hard combinatorial optimization problems. Given a set of n items with positive sizes v 1 , v 2 , . . . , v n ≤ B, the objective is to find a packing in bins of equal capacity B to minimize the number of bins required. The problem finds obvious practical relevance in many industrial applications, such as the container loading problem and the cutting stock problem.
The bin packing problem is strongly NP-hard. Furthermore, it does not admit a ( 3 2 − )-factor approximation algorithm unless P=NP [10] . On the other hand, it has been shown that the simple First Fit approach can obtain a 17 10 -factor approximation algorithm, and the First Fit Decreasing algorithm can approximate within an asymptotic 11 9 -factor [11] . Subsequently, Fernandez de la Vega and Lueker [9] proposed an asymptotic polynomial time approximation scheme (PTAS), and Karmarkar and Karp [12] presented an improved asymptotic fully PTAS. For further results on approximation algorithms, readers may refer to Coffman, Garey, and Johnson's survey [6] .
There are many variations of the bin packing problem, such as the strip packing, square packing, and rectangular box packing problems. In this paper, we consider the three-dimensional orthogonal bin packing problem (abbreviated as 3D-BP). Given an instance I of n 3D rectangular items I 1 , I 2 , . . . , I n , each item I i is characterized by its width w i , height h i , depth d i , and volume v i = w i h i d i . The goal is to determine a non-overlapping axis-parallel packing in identical 3D rectangular bins with width W , height H, depth D, and size B = W HD that minimizes the number of bins required. We assume that the orientation of the given items is fixed; that is, the items cannot be rotated and they are packed with each side parallel to the corresponding bin side.
A considerable amount of research has been devoted to the design and analysis of lower bounds for the bin packing problem [4, 16, 22] . Martello and Toth [19, 20] and Labbé et al. [14] proposed lower bounds for 1D-BP, and then extended the concept to multi-dimensional models [17, 18] . Fekete and Schepers [7, 8] devised lower bounds based on dual feasible functions (please see the Appendix) and several related results were presented [3, 5] . Boschetti [1] combined Martello and Toth's work with the above dual feasible functions and proposed the best lower bound for 3D-BP; i.e., the lower bound dominates 1 all the previous results for 3D-BP. In the following sections, we first review the previously proposed lower bounds and integrate the best of them for 1D-BP and 3D-BP to obtain a new lower bound for 3D-BP. Then, we propose another novel lower bound for 3D-BP and show that it dominates all the previous results.
Lower bounds for 1D-BP revisited
An obvious lower bound for 1D-BP, called the continuous lower bound, can be computed as follows:
It is known that the asymptotic worst-case performance ratio of the continuous lower bound L 0 is 1 2 for 1D-BP [19] . The lower bound can be easily extended to 3D-BP by considering the volume v i of each item I i . Martello et al. [17] showed that, for 3D-BP, the worstcase performance ratio of L 0 is 1 8 . Subsequently, the bound was improved by Martello and Toth [20] . Under the new bound denoted by L 1 , the set of items is partitioned into two subsets such that one contains the items whose size is larger than B/2, and the other contains the remainder. Since each item in the former subset needs one bin, at least 
The lower bound L 2 can be obtained in O(n) time provided that the sizes of the items are given sorted. Bourjolly and Rebetez [2] proved that L 1 ≤ L 2 (excluding the rounding scheme L 1 (p)), and that the asymptotic worst-case performance ratio of L 2 for 1D-BP is We discuss them in detail below. Note that no domi- 3 Scholl et al. [21] showed that the lower bound L 2 can be extended by considering the items in V (B/4, B/3], but the process is quite complicated and it does not have any obvious extension.
nance relations hold between the three bounds.
Then, based on the proofs in [2] and [3] , which show,
with L B to obtain a better lower bound for 3D-BP, denoted by L B,2 , and 
Note that it can be proved that this rounding technique is a dual feasible function [3, 8] (the so-called classic dual feasible function f p 0 ; please see the Appendix). p, q, r) is a valid lower bound for 3D-BP, and it dominates L B,1 (p, q, r) .
The lower bound L B,2 (p, q, r). Regarding the lower bound L B (p, q, r), as above, only the items in
Proof. Without loss of generality, we consider the depth of each item in
The lower bound L B,2 (p, q, r). The lower bound L B (p, q, r), which is conceptually similar to L B (p, q, r), can be obtained by using another rounding technique proposed in [18] . The objective is to pack items into a bin like small rectangular boxes whose dimensions are p, q, and r, where 1 ≤ p ≤ W/2, 1 ≤ q ≤ H/2, and 1 ≤ r ≤ D/2. The maximum number of small rectangular boxes that can be placed in a bin is W/p H/q D/r . Besides, every item is represented by small rectangular boxes whose dimensions are p, q, and r. Thus, for every i, the volume of each item v i , can be rounded to
For each dimension, it can be proved that the rounding technique is a dual feasible function [3, 8] . More precisely, it is similar to the dual feasible function f 
We let the size of a bin B be equal to W/p H/q D/r and apply L 2 to L B (p, q, r), denoted by L B,2 (p, q, r), and show that it is also a valid lower bound. 
Lemma 3 L B,2 (p, q, r) is a valid lower bound for 3D-BP, and it dominates L B (p, q, r).
Then, we have:
Thus, we have the following new lower bound L B,2 for 3D-BP:
The theorem follows immediately.
A new lower bound for 3D-BP
In this section, we extend the approach in [14] We compute the new lower bound as follows. [14] , the procedure proves that the items are matched optimally in a pairwise manner.
Next, the second subset of open bins are sorted in non-decreasing order based on their residual space, and the items that cannot be matched are mixed and assigned in non-decreasing order according to their volume.
Let 3, B] be the subset of items that cannot be matched through the above process. Similarly, let 
We use the rounding scheme, i.e., the dual feasible function f p 0 for each dimension of every item On the other hand, since I i may fit (in terms of the width) into the bin in which I j is placed, we need to consider if w j is rounded (because w i = w i (p)). We know that the rounded w j that can not be matched was not matched originally either. In addition, based on the above discussion, for item 
Concluding remarks
We have considered the 3D-BP problem and proposed two new lower bounds L B,2 and L * B,DF . In addition, we have demonstrated that the lower bounds improve the best previous results, and that L * B,DF dominates all the other lower bounds for 3D-BP proposed in the literature. In our future research, we will continue to improve the non-oriented model, which allows items to be rotated.
